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BUKOPUCTAHHS{ ITOBHOTI'O OBPA3Y TA OBME>KEHH#A
B JOCJIIJI>KEHHI BJIACTUBOCTEN AEIKNX CUTHATYPHUX
OIIEPAILIIN TABJIMYHUX AJITEBP

Y poGoTi BHKOPHCTAHO BJIACTHBOCTI ITOBHOI'O 00pa3y MHOXWHU BiJIHOCHO GiHADHOI'O BiHOIIEHHS Ta
obMerkeHHsT GIHAPHOTO BiTHOIMEHHST 38 MHOXKUHOIO JJTsI JIOCTIPKEHHSI JeSTKUX CUTHATYPHUX OTEepPAarliif
TabsuaHux ajaredbp. KoHcTpykiil moBHOro 06pasy Ta OOMEXKEHHSI € 3arajJbHO3HAYYIIUMU JIjIs MaTe-
MaTUKU Ta TaOIUIHUX ajredp, siki € CydJacCHHM aHAJIOrOM Bimomux pessiiiianx aaredp Komma, mo
CTAHOBJISITh TEOPETUIHHUIN (DYHIAMEHT MOB 3AlUTIB CyYaCHUX peJAmiitHnX 6a3 manux. Eiaementn HOCs
TabJIUIHUX aJIredp YTOYHIOIOTh PEJIAIIHI CTPYKTYPHU JaHUX, a olepaliil mody1oBaHi Ha 6a3i OCHOBHUX
Maninyssniin y SQL-noaibnnx moBax. OmepkaHo Taki pe3ysibTaTy B JJOCJIL?KEHHI BJIACTUBOCTEH [TOBHO-
ro 0bpa3dy Ta OOMEe’KEHHsI: 3HAMIEHO B3a€MO3B SI3KU MiXK IMTOBHUM 00pa30M Ta OOMEKEHHSIM; JTOBEIECHO
MOHOTOHHICTB 1 TUCTPUOYTUBHICTD ITOBHOTO 00pa3y Ta OOMEXKEeHHsI BiJIHOCHO 00’€IHAaHHs, KPUTEPiil X
ITIOPOXKHOCT] Ta B3a€MO3B’SI3KM 3 IIEPIIOI0 Ta JPYIOIO IIPOEKIHEI0 BiIHOIIEHD; 3HAIEHO IOBHUN 006pa3
KOMITO3HUITI] BiIHOIIIEHb Ta KOMIIO3WUIis OOMEXKEHb; BCTAHOBJIEHO IUCTPUOYTUBHICTH OOMEXKEHHs Bif-
HOCHO IIEPETUHY MHOXKHH; HaBEJIEHO OIIHKM IIOBHOI'O 00pa3y IEPETUHY Ta PI3HMIL MHOXKUH; 3HAMIEHO
KpuTepil AucTpubyTUBHOCTI IOBHOIO 00pa3y BiJJHOCHO IepeTuHy Ta pizHuii MHOKuH. Kpim Toro, HaBe-
JeHO 300parkeHHsI JesTKUX CHUTHATYPHHUX OMeparliii Tabinaamx aarebp 3a JOMOMOTOI MOBHOTO 00pa3y
Ta obmeskeHHs. 1[I 300parkeHHsT JIO3BOJIMJIN OJEPKATHU JIesAKI BJIACTUBOCTI IUX OIEparliif, sKi MpsiMo
BUILIMBAIOTH 3 BJIACTUBOCTE IOBHOIO 00pa3dy Ta obMexkeHHsI. B momasbinoMy mepeadadacTbes OTpU-
MaTH AHAJOTIYHI 300parkeHHsI IHIMNX CUTHATYPHHUX OMeparliii TaOJUIHAX aJredp, a TaKOXK BUILIATH
X BJIACTMBOCTI, 1110 BUILUIMBAIOTH 3 TAaKOro 306paxkenusi. OepKani pe3ynbraru MOXKYTb 6yTH BUKOPH-
craHi B Teopil TabymaHuX ajaredbp y sIKOCTI MiAXOAYy IO JOCJIPKEHHsI BJIACTUBOCTEH 1X CHUIHATYPHUX
omepariiif, Mo Moxke OyTH BUKOPUCTOBAHUM TIPU ONTUMI3AIlil 3alUTiB B PEIAIifHAX 6a3ax JAHUX.

MSC: 68P15.

Karouwosei caosa: nosHuli 06pas MHONCUHU, 0OMENCEHHA GIOHOUWEHHA 30 MHOACUHON, b6a3a JaHUL,
MabAuHL ar2ebpu.

1. Beryn.

Hapasi tabamanmit (pestsimiitamit) crnocid 300pakeHHsT JaHUX, MATEMATHIHA MOJCITh
sikoro Oysia 3anpornonoBana E. Komom [1], 3ammmaerbest oM 3 HaAWGLIBIT PO3IO-
BCIO/PKEHUX. 3 MATEMATUIHOT TOUYKHN 30Dy peJsiiiina 6a3a JaHnX € CKiHIeHnM HabOpOM
CKIHYEHUX BIJIHOIIEHb Pi3HOI PO3MIPHOCTI MizK 3a37aJeri/ib BU3HAYEHUMHU MHOXKUHAMU
eJIEMEHTapHUX JaHnX — qoMeHamu. Tabymani airedbpu, siki 0ysio Beegeno B.H. Penpkom
ta JI.B. Byem [2]|, nobynosani Ha ocHoBi pessmiiinux anre6p E. Komga ta cyrreBo ix
YTOYHIOIOTh. BOHM CKJIaal0Th TeopeTUIHuil (PyHIaAMEHT MOB 3alUTiB CydacHUX Tab-
JugHuX 0a3 ganux. EjaemenTu Hocis TabaudHOl aaredbpy yTOUHIOTh PEJIAIiiiHI CTPyK-
TYPH JAHUX, & CUTHATYPHI orepariil modynoBani Ha 6a3i oCHOBHUX TaOJIMIHUX MAHIITY-
JIAniR y pensniitnunx anarebpax ta SQL-monibnux mosax.

Jlama poboTa MpUCBsYeHA, TOCTIZKEHHIO 3araJbHOZHATYIIUX JIJIT MATEMATHKN KOH-
CTPYKIIi HOBHOTO 00pa3y MHOXKUHHU BiHOCHO HIHAPHOI'O BiIHOIIEHHSI Ta 0OMerKeHHs Oi-
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HAPHOTO BiIHOIIIEHHST 38 MHOXKIUHO0. /I0BOIATHCS esiKi 3arajabHi TeOPEeTUKO-MHOYKIHHI
BJIACTHBOCTI MTOBHOTO 00pa3y Ta 0OMeXKeHHsI. AHAJOTIYHO pe3yIbTATaMU, siKi ofepIKa-
HO B (3], pO3IUISIIA€THCSI B3a€MO3B’SI30K MiXK IIOBHHM 06pa30M Ta OLepallisiMU Iiepe-
TuHY, 00’¢qHanus 1 pizuuii MHOXKUH. OCHOBHUM PE3y/IbTATOM PODOTH € 300parKeHHst
CUTHATYPHUX oleparliii Tabauauux ajaredbp — neperuny, ob’e€lHaHHs, PI3HUIN, MPOEK-
mil 1 3’eqHAHHS — 3a JOIMIOMOIOI0 KOHCTPYKIIH ITOBHOIO 00pa3y i 0OMeKeHHsI, & TaKOXK
JIOCJTI/PKEHHS BJIACTUBOCTEN WX OIeparliii 3 BUKOPUCTAHHSIM JIAHOTO 300parKeHHs.

2. OcHOBHi BU3HAYEHHH.

Badikcyemo mesikmii yHiBepcyM D. ¢k 3aBxku, OiHapHUM BijHOIIEHHSIM Ha [ Ha-
BUBAETHCS JTOBLIbHA MAMHOXKIHA HeKapToBoro mo0ytky D x D. Ilaai B poboTi Mu pos-
IJIsIIA€MO TiJIbKK OiHApPHI BifHOIEHHST Ha [, Ki JJIsT CTUCIOCTI BUKJIAJEHHS OyIeMO
Ha3MBATH TEPMIHOM «BiJIHOIIEHHS». BijiHOoIIeHHs p HA3UBAETHCH (DYHKIIOHAJILHIM, K-
mo 3 (z,y) € pra(x,z) € p BUIUIUBAE PIBHICTD Yy = 2, Ta IH €KTUBHUM, KO 3 (Z,y) € p
Ta (2,y) € p BumIMBaEe x = 2. [Ipoekieio BiHOIIEHHS p 3a MEpIIo0 Ta JPYTOI0 KOM-
HOHEHTOIO (B pobOTI Takoxk OyeMO BUKOPHCTOBYBATU TEPMIHU <«II€PIIa IIPOEKIIisT» Ta
«JIpyra IpoeKIiisi» ) 6ymemo Bianosiano Hasusaru muoxkunu pri(p) = {z|Jy((z,y) € p)}
ta pra(p) = {y|3z((z,y) € p)}. Komnosumnieo BigHomenb p i T HA3BEMO BiIHOIICHHS
pot ={(z,2)|Fy((z,y) € T&(y, 2) € p)}.

Hosnum obpazom wvuHOXKUHM X BiIHOCHO OGIHAPHOTO BiIHOIIEHHS O HA3UBAETHCS
MHOXKHHA p|X], 110 CKIaa€ThCsl 3 eJIeMEHTIB ¥, [l KX icHye Takuil © € X, 110
(z,y) € p. Obmestcennam BIHOIIEHHST p 38 MHOXKHUHOK X HA3UBAETHCS BIJHOIIEHHSI
pllX = pN(X x D). 3micToBHO KaxKytH, 0OMeKeHHs p 38 X CKJIQJIA€ThCs 3 TUX I1ap
p, TIepIa KOMIIOHEHTa SIKUX HAJIEXKUTh X .

Jani HaBeieMO OCHOBHI BU3HAYEHHsI 3 TeOPIil TabJMIHUX ainredp y BUKJIaJeHH] [4].
Badikcyemo nesiky HenopoxkHio MHOoKuHY A = {A1,..., A}, ejemenTu sikoi Ha3uBa-
10Tbest arpubyramu. Josineny ckindenny migvuoxuny R = {A7, ..., A} } C A HazseMmo
cxemoio. Psixom s cxemn R masusaerbest MuoxkuHa map s = {(A},d1),..., (A}, dk)},
IIPOEKIIisT IKOT 32 [IEePIIOI0 KOMIIOHEHTOIO JopiBaioe K. Tabmureio cxemu R nazuBaeThes
CKiHYeHHA MHOYKUHA PsiKiB cxemn R. Yepes Tj mosnaunMo Tab/IHIoO, siKa HE MiCTHTH
JKOJTHOTO PsiJIKA.

Ha muoxKuui Beix Tabsunpb cxemu R BBeJeHO Taki napamerpudsi oneparii: 1) 1e-

perud ()| Tabuunpb cxemu R — Tabumig, M0 CKIaJaeThest 3 TUX 1 JIUIIE TUX PSJIKIB, sKi
R
HaJIeXKaTh OJHOYACHO BCIM BuXimHuM TabuuigM; 2) o0’ennanns |J rabmunp cxemn R
R
— TabJIHIIs, 0 CKJIAIAETHCI 3 TUX 1 JIMIIEe TUX PsJKIB, dKi HaJeKaTh xoda O OHii 3

BUXijHUX Tabsunb; 3) pisaums T; = T5 nBox Tabauib cxemu R — TabanIls, IO CKJa-
ITA€ThbCA 3 TUX 1 JINIIIe TUX PsIIKiB, SKi HajexkaTh Tadbaumi 1] Ta He HajgexKaTh TaOIUII
Ts.

[amuMmu cjioBaMu orepariii mepeTuHy, ob’eHaHHS 1 pi3HUIN TAOJIUIb € 0OMEYKEH-
HeM BiJIIOBI/IHO TEOPETUKO-MHOXKUHHUX IEPETHHY, 00’€IHaHHs 1 PI3HUIN HA MHOYXKHUHI
TabJINIb OJTHAKOBOI CXEMH.

BBenemo Busnadenus oneparii npoekiiii. IIpoexiieio 3a Maoxkunoio arpubdyris X C
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R HasuBaeTbCs yHApHA IapaMEeTPUYHA ONEpallis 7x, 3HAYEHHSIM KOl € TaDJIUIS, 10
CKJIQJIAE€ThCs 3 0OMexkeHb 3a X ycix psnkis Buxiguol tabmuni: wx (1) = {s|| X|s € T'}.

Jl1st BU3HAYEHHS olepallil 3’€IHaHHSA HEOOX1IHO OJ/IHe JOIOMIXKHE TOHSTTA. BinapHi
BIJIHOIIEHHS p 1 T HASHBAIOTLCA CyMICHEME (IIO3HAYAETLCS p A T), gkio p||X = 7||X,
ne X = pri(p)(\pri(7). 3'eqHannsam Ha3uBacTbCs OiHapHA OIEpallis &, 3HATEHHIM
SIKOI € TaDJINTIA, 0 CKJIAIAETHCS 3 PI3HOMAHITHUX 00’ €/THAHDb CYMICHUX PAIKIB BUXITHIUX
rabmin, 10610 Th @ To = {s1Jsa | s1 € T1 A sa € To A sy = sa}.

Tabmaro0 aaredbpoio HA3WBAIOTH YACTKOBY aredpy 3 HOCIEM — MHOXKUHOIO BCiX
TabJIUIb JOBIIBHOI CXEeMU, HABEJEHUMU BUIIE 11’ ITbMAa OIEePAIlisiMU, 8 TAKOXK OIepaIlis-
MM aKTHUBHOTO JIOITOBHEHHSI, CEJIEKIIil, JIJIEHHS Ta MepeliiMeHyBaHHs aTPUOYTIB, SIKi B ITiif
pobOTI HE BUKOPHUCTOBYETHCSI.

3. BiacTtuBoCTi 1TOBHOTO 00pa3y MHOXKUHU.

Posristremo jiesiki BJIaCTUBOCTI MOBHOTO 00pa3y MHOXKUHUA X BiJTHOCHO BiJIHOIIIEHHST

Teopema 1 (BiactuBocTi MOBHOrO 06pasy). Bukonyomvcs nacmynui meep-
oorcenHa:

1) 3 p1 € pa ma X7 C Xo sunausac p1[X1] C p2[Xa] (monomonnicmo 3a cyxyn-
HICMIO ap2ymenmis);

2) plUXi] = UplXs], U pilX]) = (Up)[X] (Quecmpubymusericms eidnocro 06’e-
i€l iel i€l icl
OHAHHA MHOACUN, TG BIOHOUEND );
3) plNXi] € NplXi] (sepzra ouyirnka nosnozo 06pasy nepemuny MHOHCUN);
i€l i€l
4)(p1 0 p2)[X] = p1[p2[X]] (nosnuii obpas eidrnocro xomnoszuyii idnoweny);
5) plX] =0 < XNpri(p) =0 (kpumepit nopostcrnocmi nosnozo 0bpasy);
6) pIX] = p[X Npri(p)], p[X] C pra(p) (83a6M038°a30% misic nosrum obpasom ma
nepwoto i Opy2010 NPOEKUIAMU SIOHOULENHA);
7) p[X] — p[Y] C p[X = Y] C p[X] (ouinku nosrozo 06pasy pisruni MHONHCUN,).
Jlosedenns. 1) Hexait y € p1[X1]. Toni, 3a osnadenusim mosHoro obpasdy, Jr €
Xi|(z,y) € p1. 3 X1 C X9 Butumae x € Xo, a 3 p; C py BumuBae (x,y) € pa. 3a
O3HAUEHHSIM [IOBHOTO 00pasy y € pa[Xa|, Tobro p1[X1] C pa[Xa).
2) Hexaii y € p[|J X;]. Toni icuye rakuii x € |J X;, mwo (x,y) € p, ToMy icHye Takuii

ingeke k, mo = € )1(6;: 3a 03HAYEHHSIM [TOBHOI'O zo€6Ipa3y y € p[Xk], Tomy, y € | p[Xi].
Hexait Tenep y € |Jp[X;]. Toni icuye rakuii ingekc k, mo y € p[Xi]. 3a O3HE7§{I€HHSIM
ITIOBHOT'O 0Opazy icllf){e Takuit x € X, 1Mo (:U, y) € p, TOMY, T € U X, 3 4OTO BUILIIUBAE
y € p[U X;], mo noBoauTk nepiy piBHICTB IIYHKTY. !

Hel)e(;fx’l y € U (pi[X]). Toui icuye rakuit injexc n, mo y € p,[X], Tomy, icuye Takuii
r € X, mo (:vjeyl) € pn- 3 mporo sunmasae: (z,y) € Upi, mo marme y € (Upi)[X].
Hexait Tenep y € (| pi)[X]. Toxi icuyiors Taki x € XlETIa ingexc n, mo y € ;ﬁX |. Le

el
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rsirae y € |J (pi[X]), 1m0 JoBoauTh Apyry PIiBHICTH IIYHKTY.
el

3) Hexait y € p[() X;]. Tomy, icuye Taxuit z € () X;, mo (x,y) € p. 3a o3HaUeHHAM

i€l el
HOBHOI'O 00pasy Jijlsl KOYKHOI'O 1HJIEKCY k BUKOHYEThCSI IPUHAJIEKHICTD (X,Yy) € p[ X,
Tomy y € [ p[X;], 0 AOBOAUTH BKIIIOYEHHS.
el

4) Hexait y € (p1 o p2)[X]. Toui icaye rakuit z € X, mo (z,y) € p1 © p2, TOMY, 32
O3HAYCHHSIM KOMIIO3UII BifHOIIEHD, icHye Takuil z, mo (x,z) € p2 Ta (z,y) € p1. 3
(r,2z) € p2 m x € X 3a O3HAUEHHSIM [OBHOIO 0Opa3y BUILIUBAE, IO z € pa[X], 3Bix-
cu, 3 ypaxyBaHHsaM (2,y) € p1, ofepKuMo y € p1[p2[X]]; e moBoauTh BKIIOYEHHS
(p1 0 p2)[X] C p1]p2[X]]. Hosenemo 3Boporne BRitouenusi. Hexait y € pi[p2[X]]. 3a
O3HAYCHHSIM IIOBHOrO 06pa3y icuye Takuit z € pa[X], mo (z,y) € p1. 3 z € po[X] Bun-
JBae icHyBaHHs Takoro x € X 1o (x, z) € pe. 3a 03HAUEHHSIM KOMIIO3UIIIT BiTHOIIIEHD
ozepxKaiu (,y) € p1 o p2, ToAL, 3 ypaxyBanusam x € X, ogepxkumo y € (p1 o p2)[X]; ne
JIOBOJIUTH BKJtoYeHHs (p1 © p2)[X]| D p1[p2[X]] Ta piBHicTh MyHKTY.

5) Hexait p[X] = 0. Sdxwmo npu npomy X = 0, ro X pri(p) = 0. dxwmo x X #
0, To mexaii x € X. 3 p[X]| = 0 Bumwiusae, mo we icuye Takuii y, mo (z,y) € p,
TOMY, 3a O3HAYEHHSM Iepmol npoekiil Bigaomenus, & pri(p), Tomy 3 p[X] = 0
suiuBae X [pri(p) = 0. Josenemo 3Boporuio immutikaiio. Hexait X (pri(p) = 0.
Bix cynporusnoro, npumycrumo, mo p[X] # 0 ra wexait y € p[X]. Toxi icaye Taxmit
x € X, mo (x,y) € p, 3Biakn Buminsae, mo x € X (| pri(p); e npoTUpiduTh yMOBI
X Npri(p) = 0, noogurs imutikario X () pri(p) = 0 = p[X] = 0 ra exsiBasenTHICTH
IYHKTY.

6) dosememo pisricts p[X] = p[X (pri(p)]. Hexait y € p[X]. Toxi, 3a o3naveHHsIM
noBHoro obpasy, Jr € X|(z,y) € p. 3a 03HAYEHHSIM epPINOl POEKIIil BiJIHOIIEHHS
(z,y) € p marue x € pri(p), romy = € X (pri(p), mo goBogurs BKIodeHHst p[X] C
pX Npri(0)]. Hexati renep y € p[X (\pra(p)], Tom 3z € X (pr(p)|(z,y) € p, Tomy,
x € X, 3 yoro BummBae y € p|X]|; e 10BOUTH PIBHICTD MyHKTY.

Bkutouennst p[X| C pra(p) 6e3nocepeiibo BUILUINBAE 3 BU3HAYEHb [TOBHOTO 0Opa3y
1 Ipyroil MpoeKIIil BiTHOIIEHHS.

7) Hosenemo Brinodenust p(X] — p[Y] C p[X —Y]. dxkmo Y =0, 7o X - Y = X
Ta, 3rigHo goBeseHol B 1.6 piBHocti, p[Y] = (), To6TO BKIIOUEHHSI IEPETBOPIOETHCS B
pisaicts p[X] = p[X]. Hexait renep Y # 0 ra y € (p[X] — p[Y]). Toni y € p[X] ra
y & plY]. 3 y € p[X] 3a o3HAUEHHSAM [OBHOrO 00pa3y BUIUIMBAE ICHYBAHHSI TAKOI'O
x € X, mo (x,y) € p, a3y & plY] Bumusae, mo st Koxkuoro z € Y (z,y) € p, Tomy
x €Y, orke, z € X —Y. 3a o3HaueHHsM 110BHOro o6pasy y € p[X — Y], mo noBoautsb
srmodenns p[X] — p[Y] C p[X - Y.

Bkutouennst p[X — Y] C p[X] Gesnocepeiibo BUILUINBAE 3 OUEBHIHOTO BKJIIOUEHHS
X —Y C X ta mosezenol B 1.1 BJACTUBOCTI MOHOTOHHOCTI ITOBHOI'O 0Opa3y. []

IlyakTu 3 Ta 7 Teopemu 1 NPUPOJHUM UMHOM CTaBJIATH MUTAHHS PO JTOCTATHI
YMOBH JIUCTPUOYTUBHOCTI ITOBHOTO 00pa3y BiAHOCHO MEPETHHY i PI3HUIN MHOXKWH.

Teopema 2 (kpurepiii gucTpubyTHUBHOCTI MOBHOro 06pa3y BiAHOCHO me-
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petuHy MHOXKUH). Pisnicmo () p[X;] = p[( Xi] suxonyemves modi ma auwe modi,
iel iel
KOAU 6UKOHYEMDCA BRAOUEHHA

(el — (Xi] € pl )Xl (D).

el el el

Jlosedenna. Hexait Bukomyersest piBmicts [ p[X;] = p[()Xi]. ¥ mpomy Bumagky
i€l el
BKJIIOUEHHST (1) IepeTBOPIOETHCSI Y BKIIIOUEHHSI

(el — ()X € (plXil(2).

iel el iel

Hexaii k — nesikuii inyexc muoxkuau I. Ockiibku BUKOHYEThCsI BKJItoueHHst X — (| X; C
el
Xk, TO 3a J10BejIeHOI0 y 1.1 TeopeMu 1 BIACTMBOCTI MOHOTOHHOCTI BUKOHYETbCH p|Xj —
N Xi] C p[Xk], orxke, BukonyeTbes BKiIOUeHHs (2).
el
Hexait Tenep BukonyeThcst BKiodents (1). 3 ypaxyBaHHSIM JOBEIEHOTO B I1.3 TEO-
pemu 1 Brimouennst p[[ ) X;] C () p[X;i] HaM 10CTATHBO JOBECTH BKJIIOUCHHS

el el
(elXi) € pl[)Xi)(3).
i€l el

Hexait () p[Xi] # 0 ray € () p[X;]. Toxi, 3a o3HaUeHHAM IOBHOTO 06pa3y, /st KOXKHOTO

icl icl
ingekcy k € I icaye takuit z; € Xp, mo (zx,y) € p. fkmo upu npomy xp € )X,
el
TO 3a O3HAYEHHSIM IIOBHOIO 06pa3y BUKOHYEThbCs y € p[ (] X;], TO6TO B bOMY BHUIIQJIKY

el
BKJIOYeHHs (3) BUKOHYEThCs. Jlajii po3ryisiHeMO BUIIAJIOK, KOJIM JIJIs KOKHOTO 1HJIEKCY
k € I Bukonkerbest o € () Xi. Y npomy Bunaaky xx € Xi— () X;. Toxai 3a osnadenusm

1€l el
noBHoro obpasy y € [ p[X; — () Xi] Ta, 3 ypaxyBaHHsM BUKOHaHHs BKJOueHHs (1),
iel iel
y € p[() X;], Tobro BKiIOYeHHS (3) B IBOMY BHIIAJIKYy TAKOXK BHKOHYETHCSI. [

iel

Teopema 3 (kpurepiii AucTpubGyTUBHOCTI MOBHOrO 06pa3y BiHOCHO pi3-
HUII MHOXKUH). Pignicmo p[X]—plY] = p[X —Y] sukonyemocs modi ma auvwe modi,
koau p[X — Y| p[Y]=0

Josederns. Hexait Bukonyerscest pisnicrs p[X ] —p[Y] = p[X —Y]. Big cynporusno-
r0, IIPUILYCTUMO, IO IIPH [IbOMY He BUKOHYeThes piBHicTh p[X — Y] p[Y] = 0, To6TO ic-
Hye Takuii y, mo y € p[X —Y]| ray € p[Y]. B upomy Bunajky, spaxkatoun va X —Y C X
Ta MOHOTOHHICTB IOBHOTO 00pa3y, npuHaiexHicts y € p[X — Y] marne y € p[X], y Ta-
KOMY BHIIQJKy Y He HaJleKuThb JiBiii wacruni pisHocti p[X]| — p[Y] = p[X — Y] 1a
HaJIE2KUTH MPaBiil YacTWHI Ii€] PIBHOCTI, MO CYNEPEYUTh MPUIYIIEHHIO Ta JOBOJIUTH
pisuicts p[X — Y] p[Y] = 0.
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Hexait renep Bukonyerbest pisticts p[X — Y] () p[Y] = 0. Ilokaxkemo, 1mo B 1poMy
BHUIIQJKy IOBHHHA BHKOHyBarucs pisaicth p[X| — p[Y] = p[X — Y]. 3 ypaxysanmsm
JoBegenoro B 1.7 reopemu 1 Brinodenns p[X| — p[Y] C p[X — Y] mam mocrarHbo
nosectu Briodennst p[X — Y| C p[X] — p[Y]. Hexaii p[X — Y] # D ray € p[X —Y]. 3a
O3HAYEHHSIM MOBHOIO 06pasy icuye takuii © € X — Y, mo (x,y) € p. 3 npunasekHocTi
x € X —Y Bummsae, mo x € X, tomy y € p[X]. 3 piBrocri p[X — Y]|p[Y] =0
ButmBae, mo y & p[Y], romy y € p[X] — p[Y], o moBoauth nrykane BKitodeHHs . [

4. BaacTtuBocTi o6Me>keHHsI.

B nmamomy posmisi posrisHeMO JesiKi BJIACTUBOCTI OOMEXKEHHSI BiHOIIEHHS p 3a
MHOKIHOIO X . CIOYaTKy PO3IVISHEMO B3aE€MO3B’S3KH MiK OOMEXKEHHSIM 1 TOBHUM 00-
pa3oM.

Teopema 4 (B3aeMO3B’I3KU Mi>K OOMEXKEHHSIM i HOBHUM obpa3om). Buko-
HYIOMBCA HACTRVYNHT MEEPOHCEHHA:

1) p[X] = pra(pl| X);

2) (pX)Y] = p[X Y]

Josederns. 1) Hexait y € p[X]. Toxi, 3a o3nadennsM nosaoro obpasy, 3z € X|(x,y) €
p. YV IbOMyY BHIIQJIKY, 3a O3HAUEHHSAM 0OMexKeHHsl, (x,y) € p|| X, Ta 3a 0O3HAYEHHSIM JIPY-
roi npoekuii Bignomenns y € pra(p||X). Hexait renep y € pra(p||X). Toxi, 3a o3nagen-
mam apyrol npoekuil, 3z € p|| X|(z,y) € p||X. 3 (z,y) € p||X Bumusae (z,y) € p Ta
x € X, 3a O3HAUEHHSIM [IOBHOI'O 06pa3y OCTAaHHI JIBl IPUHAJIEXKHOCT] TATHYTH Y € p[X].

2) Hexait z € (p||X)[Y]. Toxi, 3a o3nadennsim nosHoro obpasy, icuye takuit z € Y,
mo (x,y) € p||X. Ipunanexuicrs (z,y) € p||X 3a o3nadenHsIM OOMEKEHHS TATHE T €
X, ToMy, 3a o3HadYeHHSIM IOBHOrO 00pasy, z € p[X (Y]. Hexait Tenep z € p[X Y]
Toxi, 3a o3HaYeHHsIM TOBHOTO 00pasy, icuye Takuit © € X (Y, mo (x, z) € p, TobTO T €
XraxeY.3(x,z2) € prax € X 3a o3HaueHHsIM 0OMeKeHHsT ButnBae (x, z) € p|| X,
a3 (z,z) € p|X ra z €Y 3a o3nauenusM mosHoro obpasy summusae z € (p||X)[Y]. O

JlaJti po3riisineMo JiedKi iHI BJIaCTUBOCTI oOMexKeHHs. depe3 A MO3HAYNMO OPOXK-
HE BiTHOIIIEHHSI.

Teopema 5 (ByacTUBOCTI OOMEXKEHHS). BUKOHYIOMbCA HACMYNHI MEEPOIHCEH-
HA:

1) 3 p1 € pa ma X1 C Xy sunausae p1|| X1 C po|| X2 (monomonnicmo 3a cyxyn-
HICTNIO AP2YMEHNIB);

2) plUX: = UGlX), UilX) = (UpdlIX (Quemputymusnicme sidnocwo
i€l i€l i€l i€l
00’ e0HannA MHONCUN Ma GIOHOWEND );
3) pllNXi= N(plX:), NpillX) = (Np)lX (Quempubymusnicmo sidnocro ne-
i€l i€l i€l i€l
PEMUNHY MHOHCUN, A GIOHOULEND );
4)p|X)[Y = pl(XNY) (komnosuyis obmesrcenv);
5) plX =A< pri(p) X =0 (kpumepitc nopostcrocmi obmedicenna);
6) pllX = pl(XNpri(p)), p = pllpri(p); (83acmoszs’azox miowc obmesicenmam i
nePwoto NPOEeKYieI0 i0HOWEHHA)

Josedenna. 1) Hexait (x,y) € p1]|X:1. Toni, 3a o3nauennsim obmexkennst, x € X Ta
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(z,y) € p1. 3 X1 C Xy ButuiuBae = € Xo, a 3 p1 C po BumBae (x,y) € p2, TOMy
(z,y) € pr[| X2.
2) Hexait (z,y) € p UX Tomi (z,y) € p ra z € |JX;, Tomy misa mesikoro in-
i€l
nekey i € 1 BI/IKOHyGTbCH x € X;. 3a o3HayenHsiMm obmexenus (z,y) € pl|X;, or-

xe, (z,y) € U (p||Xi), mo nosogurs Brmovenns p|||JX; € | (p||X;). Hexait renep
icl icl iel
(z,y) € U(p||Xi). Toni icuye rakwuit inmexc @ € I, Jyisi IKOr0 BUKOHYETbCs (T,Y) €
el
p|| X;. Y mpomy Bunagky (z,y) € p ta x € X;, rtomy = € |JX;. 3a o3nauennsam obme-
i€l
JKeHHs1 BUKoHyerbest (z,y) € pl| U Xi, mo nosomurs Briouenust |J (pl|X;) C pll U X
i€l i€l iel
Ta TEPINY PiBHICTH MyHKTY.
Hexait (z,y) € U (pi]|X). Toui icuye rakuit ingekc ¢ € I, st sIKOTO BUKOHYETh-
i€l
et (z,y) € pil| X. ¥V mpomy Bunagky x € X ra (z,y) € p;, romy (z,y) € (Upi). 3a
el
O3HAUEHHSIM OOMerkeHHs1 BUKOHYeThCs (x,y) € (|Jpi)|| X, mo goBomuTh BKIIOUEHHS
iel
U (pillX) € (Upi)||X. Hexait renep (x,y) € (Up:i)||X. Toni z € X ra (z,y) € Upi,
i€l iel iel iel
OTIKe, iCHy€e Takuil iHJeKC ¢ € [, 171 SKOr0 BUKOHYEThCs (T,Y) € p;. Y IbOMY BHUIAJ-
Ky (z,y) € pil| X, orxe, (z,y) € | (pil|X), mo nosogurs Brimouenus (|Jp;)|| X C

i€l i€l
U (pi|| X) Ta apyry piBzicThb myHKTY.
iel
3) Hexait (z,y) € p|| (N X;. Toui (x,y) € prax € () X;, ToMy, /st KOXKHOTO 1HIEKCY
iel iel

i € I Bukonyerbcss € X;. 3a o3HaYeHHsIM 0OMexKkeHHs1 Vi € [ BUKOHYeTbCs (Z,Y) €

pll Xi, orxke, (z,y) € ﬂ (p||X;), e noBoaurs Brmouenus pll (| X; C () (p||X;). Hexait
i€l i€l

reniep (z,y) € ﬂ(p”X) Toxi mst Beix ingekcis ¢ € I Bukonyerbest (x,y) € pl| X,

T00TO (2,Y) € p Ta, Kpim Toro, x € X;, mo tsarde z € (| X;. 3a o3HaueHHSIM 0OMeKEeHHsI
i€l
BUKOHY€eThCst (2, Yy) € p|| () X, 1o moBoauTs Briodenust () (pl|X;) C p|| () X; Ta nepmry
i€l i€l i€l
PIBHICTH MYHKTY.
Hexaii (z,y) € () (p:il|X). Toni, mus Beix impmekcis ¢ € I, Bukonyerscs (z,y) €
el

7
pil| X. Y mpomy Bunaaky x € X Ta (x,y) € p;, Tomy (z,y) € ([ p:i). 3a o3HAUEHHAM

iel
0OMeKeHHsI BUKOHYEThCs (,Yy) € (ﬂpZ)HX mo joBoauTh BRitouenus [ (pi||X) C
el
(N pi)l|X. Hexait Tenep (z,y) € (ﬂpl)HX Toni x € X 1a (z,y) € (pi), oTKe, s
iel iel icl

BCix imgekcis ¢ € I Bukomyerbes (z,y) € p;, T00TO (2,Y) € pil| X, orke, (x,y) €

N (pill X); ne noBoaure Brirouenust ([ p;)||X € () (p:il|X) ra xpyry piBhicTb myHKTY.
el i€l il

4) Hexait (z,y) € (p||X)||Y. Toni, 3a o3mauenusim obmexxkenus, * € Y Ta, Kpim
toro, (z,y) € p||X, mo tarue z € X Ta (r,y) € p, Tomy x € X[Y. 3a o3Ha-

YeHHsIM OOMEXKEHHSI BUKOHYEThCs HpuHasexHicTs (z,y) € p|[(X(Y), ne moBoxurs
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sriodenns (p||X)||Y C p||(XNY). Hexait renep (z,y) € p|(XNY). Toxi (z,y) € p
rax € XY, mo tarue z € X 1a € Y. 3a 03HaueHHIM OOMEKEHHS B I[bOMY BU-
IaJIKy BHKOHYIOTbCA Ipunasexuocti (z,y) € p| X ta (z,y) € (p||X)||Y, mo moBomurs
PiBHICTH IIyHKTY.

5) Hexaii p||X = A. Bix cynporusnoro, npumycrumo, mo pri(p) (| X # 0, Toxi ic-
Hye Takuit z, mo z € pri(p) () X. Y upomy Bunajgky x € X Ta 3a 03HAUEHHSIM HEPINOl
HpPOEKIIil BifHOIeHHs icHye Takwii y, mo (x,y) € p. 3 MpOro 3a O3HAYEHHSM OOMe-
»KeHHs1 BulumBae (z,y) € p||X, mo cynepeunts p|| X = A; me goBoANTH IMILKAIO
pllX =X < pri(p) N X = 0. Hexait renep X (pri(p) = 0. Bix cynporusaoro, npury-
crumo, 1o p||X = A, robro Iz, y|(x,y) € p||X. 3a osnauentsam obMeKeHHs Iie TArHe
x € X 1a (x,y) € p, 3BLAKY, 32 O3HAYEHHSM IEPINOl HPOEKI] BiJHOIIEHHS, BUILIA-
Ba€ IpuHaJIeXKHICTh & € pri(p), Tobro x € pri(p) () X; me cynepednTsb MPUITYIIEHHIO
X Npri(p) = 0 Ta 10BOAUTH €KBIBAJIEHTHICTD IYHKTY.

6) Hexaii (z,y) € p||X. Toxni, 3a o3nauenusiv obmexennst, + € X rta (x,y) € p,
3BIJIKH, 32 O3HAYEHHSIM IepInol MpoekIil Bignomenus, suminBae ¢ € pri(p). Tomy
x € X(\pri(p), orxe, (z,y) € pl[(XNpri(p)), nue moomurs BrioueHus p||X C
pll(X N pri(p)). Hexait Trenep (z,y) € p||(X N pri(p)). Toxi, 3a o3nadennsM o6MeKeH-
us, (z,y) € praxz € X[ \pri(p), orxke, x € X, 10 3a 0O3HAUEHHSIM OOMEXKEHHSI TTHE
(z,y) € p||X Ta noBomUTH HEpPILy PIBHICTH IYHKTY.

Hexait (z,y) € p. 3a o3HaYEHHAM HEPINOi IPOEKIIil BiHOIIEHHS BUKOHYETHCS T €
pri(p), romy (x,y) € pllpri(p), mo goBomurs BRaodenus p C p|pri(p). 3Boporre
BKJIIOUEHHsI cipaseuinBo epes Britouents VX (p|| X C p); ne moBoauts qpyry piBHICTH
nyskry. [

5. Hociig>kenHs BJIaCTUBOCTEH TAOJMYHUX OIlepalliii 3a JOIIOMOI0OI0 MOB-
HOTo 00pa3y Ta oOMe>KeHHs.

Ilepeitnemo Termep 10 300parkeHHs orepaliiit TabJnIHuX aaredp 3a JI0IIOMOTOI0 BKa-
3aHUX BUIIE KOHCTPYKIIIH.

Omneparii meperuny, 06’eqnanns i pizuuni tabaunb (cxemun R) MOXKyTb OyTH 300pa-
JKEHMMU siK OiHApHI apaMeTpuyHi (B poJsii napamMerpa BUCTYIIAE CXeMa) Olepallil, OTpu-
MaHi OOMEXKEHHSIM BiJITOBiTHO TEOPETUKO-MHOKUHHUX [T€PETUHY, 00 € THAHHS 1 PI3HUIIL
Ha MHOXKUHY Tabjuib cxemu R.

Ouepanisi nipoexuii 7x (7'), 3rimHo 11 BusHAYEHHS, 300paXKAETHCs sIK OOMEIKEHHSI
psizkiB Tabsmni T’ 3a muOokuHOMO aTpubyTtie X: nx (1) = {s||X|s € T'}.

Omneparnig 3’equanns Tadbauii 17 cxemu Ry Ta Tabmuni Th cxemu Ro, 3rigHo 10 11
BU3HAYEHHS, 300PAKAEThCA K MHOYKUHA BCUIIKAX 00’€/IHAHB CYMICHUX PSJIKIB BUXIiJI-
HUX TabJIUIb, BiIHOIIEHHS CYMICHOCTI 3aJIla€ThCs Uepe3 obmerkeHHs, To0To 11 ® Th =
{81 U82 ’ s1 €11 NsyeTn A 51||(R1 ﬂRg) = 82H<R1 ﬂRg)}.

IlepeiinemMo Temep A0 JIOCTIIPKEHHA BJIACTHBOCTEN oIeparliii 3a JOIOMOrol0 KOH-
CTPYKIIiil MOBHOrO oOpa3y i obmexkenus. BiactuBocrti neperwny, ob’eqHaHHsS Ta Pi3-
HUI[ TabJMIb JeTalbHO 1O0Ka3aHo B [3], Tomy B janiii po6ori Mu IX He PO3IJISIAEMO.
Y HacTymHil Teopemi PO3IVISHEMO BJIACTUBOCTI IPOEKIIl Ta 3’€IHaHHS TabJIUIb, sKi
0e311oCcepeIHBO BUILIMBAIOTD 13 300paykeHHsI X OIepalliii 3a JOIMOMOIO0 KOHCTPYKITH
IIOBHOI'O 0Opa3y 1 0OMerKeHHsI.
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Teopema 6 (ByracTumBOCTI Ipoekmil Ta 3’€aHaHHs TAGIULB). Bukonyomvcs

HACTNYNHE MBEPIHCEHHA:

1) 3Ty C T uTy C T sunausae wx(T1) C nx(T]) ma Th @ To C T] @ T}

(moromonnicms);
2) rx(UT) = Unx(T;); akwo cremu mabauys T; e odunarxosumu, mo T &
iel i€l

(UT) = UTRT;) (ducmpubymusnicms 6idnocto 06 ’ednarma mabiuyb);
iel icl

Nax(T)=Ty=T =Ty TRTy=Ty@T =Ty (36epescenra Ty);

4) x (1) € Nrx(T;) (seprra epanuuys npoexuii nepemuny mabauyy );
iel iel

5) nx(my(T)) = mxny (T) (komnosuyia npoexyid).

6. BucHoBku.
Y poboTi MOC/TiIKEHO BJIACTUBOCTI MIOBHOIO 00pa3y MHOXKUHU BiJHOCHO BiIHOIIIEH-

HsI Ta OOMEXKEHHsI BiIHOINEHHsI 38 MHOXKHUHOIO. TaKoXK HaBeIeHO 300parkKeHHs JIesTKNX
CUTHATYPHUX OIEPAIliil TabJUuIHUX aJaredp 3a JOTOMOroI0 IOBHOIO 00pa3y i obmexkeH-
Ha. Taki 300pakeHHsT TO3BOJIMIN OTPUMATH JesKi BJIACTUBOCTI OMEpAaIliif, SKi IpsMO
BUILIMBAIOTH 3 BJIACTHBOCTEI ITOBHOIO 0O6pa3y i 0OMexKeHHs. Y IOJAJIbIIOMY Iepeabda-
JaE€THC OTPUMATH aHAJIOTIYHI 300paskKeHHs IHIMNX CUTHATYPHUX OIeparliii TabJInIHIX
aarebp, a TaKOXK BHUJIJIUTH 1X BJIACTHUBOCTI, IO BUILIMBAIOTH 3 TAKOI'O 300DasKEHHSI.
OpepxkaHi pe3y/ibTaT MOXKYTb OyTH BUKOPUCTaHI B T€OpIil TaOJIMIHUX aJIrebp y STKOCTI
ITIXO/Ty JIO JIOCJIiJI?KEeHHsT BJIACTHUBOCTEN 1X CUTHATYPHUX OIEPAIliii, TAKOXK Pe3yJIbTaTu
MOXKHA OyJle BUKOPUCTOBYBATHU JIJIsi ONITUMI3allil 3aIUTIiB B PEIAIiNHIX Oa3ax TaHUX.
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N.D. Kakhuta, A.S. Senchenko
Using the whole image and restrictions in the research of properties of some signature

operations in Table Algebra.

The features of the whole image relative to many binary relation, and restrictions on a binary relation
on the set for some of the signature operations of Table Algebra are used in the work. Constructions of
the whole image and restrictions are of general interest for Mathematics, and Table Algebra is a modern
analogue of Codd’s well-known Relational Algebra. It forms the theoretical foundation of modern query
language databases. Elements of the carrier of Table Algebra specify relational table data structures,
and signature operations are based on the basic table manipulations in Relational Algebra and SQL-
like languages. The following results in the research of the features of the whole image were obtained:
interconnections between the whole image and restrictions were found; the monotony and distribution
of the whole image and restrictions on unions, a criterion of their emptiness and interconnections with
first and second projection relations were proved; the whole image of the composition of relations
and composition restrictions were found; the distribution of restriction on intersection of sets was set;
the estimates of the distribution of the whole image of intersection and difference of sets were given;
criteria for distribution of the whole image relative to the intersection and differences of sets were
found. In addition, the clues were provided with the help of the whole image and restrictions on some
of the signature operations of Table Algebra: intersection, union, difference, projection and joining.
These representations allowed us to obtain some features of these operations, which derive directly
from the features of the whole image and restrictions. It is supposed to get similar views on other
signature operations of Table Algebras and to allocate their features arising from such representation.
The obtained results can be used in the theory of Table Algebra as an approach to the research of the
features of their signature operations, this can be used in query optimization in relational databases.

Keywords: whole image of set, restriction a relation on set, databases, table algebra.
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